A.M. > G.M. , CBS inequality, etc

Obviously, equality holds when a=b ...(1)
Without lost of generality, assume a>b>0.
a—b ab ab ah, atb ash atb
>0, a2 <b? = a2 <b 2 =a?b? >a%® ..(2)

11 ab  arb ash

Since AM.>GM., aLzb>a2b2 :(ﬂ] sa?h? .3
a+b

Combining (1), (2and (3), abbas(a;bj .

Obviously the inequality holds when x =y.
Without lost of generality, assume 0<x<y. Since m-n> 0, we have

(efe]" =T sl ] eI Tl o
o s emmon <G o]

Combining (1) and (2), |:1+[ij } <|:l+(ij} =N ?nn [x™+ym]"< rlnn [x" +y]m
y y y

y
As y">0, o (xX"+y")'<x"+y")"™
Alternatively, Let m=k+n, wlo.g. assume X2y,
n K
(Xm + ym)n - (XnXk + ynyk)n < (XnXk + ynXk)n - an (Xn + yn)n - (X ) (Xn + yn)k+n
(x"+y")"
< (Xn + yn)k+n - (Xn + yn)ml
W.lo.g., let ay<a<...<a,.
() If p,g>0,then af<al<..<a’f and a¥<at<... <a
(aP - aj") (a%- a,-q) >0 o aMi+ a,-‘”q = aipajq + ajpaiq ....(1)
Summing the above inequalities from i=1,2,...,n (fix j), > a’"+na”">a"> a’+a /> a
i=1 i=1 i=1

n n n n n n
Summing again from j=1,2, ..., n, > af+nd a2y a'>a’+> af>al
i=1 j=1 j=1 i=1 j=1 i=1
Since i,j aredummy variables, replace j by i, we have,
n n n n n n
2n) 2" >2% a> a en)a™=> a’>a . (2)
i=1 i=1 i=1 i=1 i=1 i=1

If p,g<0,then a>al> ..>a’f and a'>a">..>a"

The inequality (1) still holds and (2) follows.



(I If p<0 and q>0,then a”>ar’>..>a’ and al<at<...<a’
If p>0 and q<0,then a”<al<...<af and a%>a0t>..>a

In both cases,  (a” — &) (&’ -a) <0.

n n n
Asin(l), wehave n>a’"<> af>a’
i=1 i=1 i=1

If ab,c .. keQ" Let m betheL.C.M. ofthedenominatorsof a,b,c, ..., k.
Then ma, mb, mc, ..., mk € N*.  Apply A.M.>GM., we have,

”’a@ i mb@ : m@ T mk@ § Kg) (1) (1) (1”

ma+mb+ mc+...+ mk a b c k

On simplification, we have <a’b°c’...k" (D)

A+ D+ C o+ KT
(==
If ab,c, ... keR" then 3infinitesequences a;,b;ci ....kie Q", (i=1,23,...)
suchthat a —a,bj—>b,ci—>c,....,kk—>k as i—>o.

a; +b,+c¢ +...+k )a'*b'*°'*~--+kn

n

Now, since aj, b;, G, ..., ki € Q", ( <a b c ..k ..(2

Taking i— o onboth sides of (2), we have (1) holds for a, b, c, ...,k € R".

Equality holds < a=b=c=...=k.
TIA+X,) =1+ ) X+ D XX, + D XXX, +..>1+ )X,
= = ] ik =1
1 tanétanE
A+B+C=n= tan%:tan(g—AZBj:cot(A+B): ! = 2 2

(A Bj A B
tan| —+ — tan — + tan —
2 2 2 2
A B B A
tan—tan—+tan—tanE+tanEtan—=1

A B C . .
Put x=tan5, y=tanE, z=tan5,|trema|nstoshow: Xy +yz+zx=1=x2+y* + 72> 1.

But (x—y)’+(y-2°+(Z-x)? 20 =x*+y?+7°> xy+yz+zx=1.

Proof 1
SinésinESingz\/(s—b)(S—c)\/(s—c)(s—a)\/(s—a)(s—b) _ (s—a)(s—b)(s—c)' where s = 8T0+C
2 2 2 bc ca ab abc 2
(2s—2a)(2s—2b)(2s—2c) (b+c-a)(c+a-b)(a+b-c)
— = ..(1)
8abc 8abc
Since b+c-a, c+a-b and a+b-c arepositive numbers,
Jbrc—a)cra by < L= +C+a=b) ) mscm) @

2
Similarly,
J(c+a-b)a+b-c)<a (3) J@+b-c)b+c—a)<b (d)




(2)x(3)x(4), (b+c-a)(c+a—Db)(a+b-c)<abc ....(5)
Result follows by putting (5) to (1).

A B _.CY
A B Sin— +sin— +sin—

Proof 2 sin—sin—sin— < 2 2 2 , (AM.>GM.)
2 2 2 3

_Al2+B/2+C/2) . -
<|sin , since sine function is concave on [0, ]

3

(. A+B+C)3 ( chs (1)3 1

=|sin———| =|sin—| =|—| =—

6 6 2) 8

Proof 3
1—sinC sinC 2
A _B.C 1( A-B A+B)_c 1( .CJ.Cl o)y

SIN—SIN—SInN— = —| CO0S — CO0S sin—<—|1-sin— |Sin— < — =—
2 2 2 2 2 2 2 2 2 2 2 2 8

. A+B_ A-B A+B_ A-B A+B
(i) cosA+cosB+cosC=2cos ;L cos 5 —cos(A+B)=2cos JZF cos 5 —(Zcosz er _1)

:ZcosA+B(cosA_B—cosA+Bj+1:2cosA+B(ZsinésinE)Jrl:4sinésinEsinE+1
2 2 2 2 2 2 2 2

1 3
<4x—+1=— ,byNo.7.
8 2

(i) Proof1 cosécosEcosE:l(sinAJrsinB+sinC)£§sinw:§sinE:ﬁ
2 2 2 4 4 3 4 3 8

A B ’

COS~— + COS— + COS—

A B
Proof2  cos—cos—cos— < 2 2 2 , (AM.>GM.)
2 2 2 3
1(A B C\T T (V3) 3. . -
<|cos—| —+—+—|| =|cos—| =|— | =——, since cosine function is concave on [0, /2]
3L2 2 2 6 2 8

@ () Let fx)=Inx, then f'(x)=1/x>0 Vx> 0.
f(x) is an increasing function.

and Vvx, 0<x<1 < fX)<f(l) < Inx<Inl1=0 Q)
Now, Ina <Inb= Ina-Inb <0 = In(ab)<0 = ab<l by(l)= a<h.
(i) Let gxX)=x-1-Inx, g(X)=1-1/x
g’(1))=0 with g(x)<0 Vv0<x<l and g(x)=0 Vvx>1.
This implies that g(1) =0 s the minimum value of g(x).

gx)=x-1-Inx>g(1)=0 Vx>0
InXx<x-1Vx>0. Theequality holds if and only if x=1.



(b) By the above result, when tj, t5, ..., t, and oy, ay, ..., an  are positive numbers, we have
apInti+oInto+ ... +asInt, <oy (tl—l) + o (t2—1)+ R 0 Y (tn—l)

=((11t1+(12t2+...+0Lntn)—(0(,1+0(,2+...+0Ln)=l—l=0

In(t,“t,%...t," )< 0 =ttt <1
m,+m,+...+m_)a. m. .
Now, let ti:( L R : o = ' vi=1,2,..,n
m,a, +m,a, +..+ma, m,+m, +..+m,

It can be seen that ot toath+....tasth =g tont....to,=1

4 O [
By the above,  t,"t,”...t,"" <1
I'nl
n M +m, +...+m_)a, |mme.+m, m,+m,+..+m n R
I1 (m, +m, Ja|memenm g (myrm, ) 1 (@™ Jmmem, <1
iz \ma, +mya,+..+ma, m,a, + m,a, +...+m a, i

my+My+.+m,
a1m1a2m2 ....anm” < ma, +my,a, +....+m.a,
m,+m,+...+m,

+1
10 () XXl o o pspPexPop-1 o pXClopP+xP+1>0
p+1 p
o X=D[pfP=-xPt—xP?- —x-1]20 < X=-1°[px" 1+ (pE-1)x"?+ ... +3x°+2x+1]>0

< True statement since the expression is the product of a complete square and a positive quantity
Equality holds < x-1=0 < x=0

x"-1_x""-1 x. —1 nox"-1l & X -1
(i) (@) By(i), ' >— >...>— = ' > = X;,—n=n-n=0
m m-1 1 Py m = ;
= > x"=n20 =3 x"=2n
i=1 i=1
x"-1 x, -1 )
(b) Suppose onthe contrary 3 x; st x#1,then — >—1— since equality holds < x=1.
m
- x,"-1_x -1
Vi#j, wehave ' >
m 1
Summing up all inequalities from i=1,2, ..., nincluding the j" term, we have

nox"-1 & ox -1 L . . . L o .
E ' > E '1 . Strict inequality holds since there is a strict inequality in the J“‘ term.
i=L m i1

n n
Following the same method in (a), we have Z x," > n, which contradicts to the given inm =n.

i=1 i=1
Gii) Let A=YriYe®®¥o o Vi iog o n Then
n A
" oy 1 nA o )
X; = “L=—>» y=—=n2n= X, =n, by (ii)).
3 (V_) on o iSyms A WY bty 2(y1+y2+----+yn)
i VA N5 m m

If the equality holds, by (ii)(b), then either m=1 or x=1Vi=12,..,n.

i.e.either m=1 or or y;=y,=....=V¥,
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